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Abstract-This is Part II of a two-part paper which analyses the scattering of elastic waves by a
rigid cylindrical inclusion partially debonded from its surrounding matrix. The scattering of SH
waves was solved in Part I by the use of the wave function expansion method and singular integral
equation technique. Here, in Part II, we consider the scattering ofP and SV waves by using a similar
approach. As in Part I, the debonds are modeled as interface cracks with noncontacting faces. Then
the problems are reduced to a set of singular integral equations of the second type in terms of the
dislocation density functions, which demonstrates the oscillatory behavior of the stresses near the
crack tips. By representing the dislocation density functions with Jacobi polynomials, these equations
are solved numerically. Two limiting situations are considered: the long wavelength limit with
arbitrary debond sizes and the small debond limit with KTOro = 0(1) (where KTO is the shear
wavenumber and ro the inclusion radius). The general solution simplifies in these two limiting cases
and results, similar to those for SH case, are obtained. Finally, the numerical results for the dynamic
stress intensity factors, rigid body motion ofthe inclusion, and scattering cross-sections are presented
for both P and SV cases, and the low frequency resonance phenomenon, as in SH case, is explored.
Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

In Part I of this two-part paper (Wang and Wang, 1996) the problem ofSH wave scattering
by a rigid cylindrical inclusion partially debonded from matrix was discussed. The problem
resulted in a set of singular integral equations of the first kind with the dislocation density
functions being unknowns, A quadrature method was used to solved these integral equa
tions. The numerical results for the near and far fields were presented, and the explicit
solutions for the long wavelength limit and the small debond limit were obtained. In Part
II, a similar approach will be used to deal with the scattering of P and SV waves.

Figure 1shows a rigid cylindrical inclusion, with radius ro and mass density Plo partially
debonded from its surrounding matrix. An incident P or SV wave propagates in the eo
direction. In Fig. I, the cylindrical coordinate (r, e, z) is used and the ecoordinates of the
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Fig. 1. A P- or SV-wave incident on a rigid cylindrical inclusion partially debonded from elastic
matrix.

t Present address: Institute of Engineering Mechanics, North Jiaotong University, Beijing 100044, People's
Republic of China.
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kth crack tips are assumed to be ak and bk (k = I-n). Obviously, the problem considered
here is the plane-strain problem. If we treat the debonds as interface cracks with non
contacting faces, the stresses near the crack tips will have oscillatory inverse square-root
behavior, which makes the problem very difficult to deal with. The singular integral equation
method has been proved to be successful in solving such a problem and has been used
widely in dealing with the elastic wave scattering by a flat interface crack between two
bonded half-space (Srivastava et al., 1978; Yang and Bogy, 1985). In the present paper,
this method will be applied to analyse the dynamic problem of arc-shaped interface cracks
between a rigid cylindrical inclusion and elastic matrix.

The scattering of P waves from a partially debonded elastic cylindrical inclusion was
also attacked by Coussy (1983) and Yang and Norris (1992). Coussy (1983) gave the far
field solution for the long wavelength limit. Yang and Norris (1992) presented numerical
results of near and far fields for arbitrary frequencies. But they limited their analysis to the
special material combinations for which the oscillation parameter vanishes.

2. FORMULATION OF THE PROBLEM

For the present dynamic plane-strain problem, the displacement components in the r
and 8-direction denoted by Uo and Vo can be expressed in terms of two wave potentials CPo
and ljJo, they may be written as (Pao and Mow, 1973):

1
-ocpo ! oljJo

Uo - ~ + all'or r u

1 acpo oljJo
Vo = -;: a8 - or .

(I)

Then the stress-potential relations for the two stress components (frO and !rHO needed here
become

(2)

where

In terms of these potentials, the equations of motion reduce to

(3)

where KLO = w/CLO and KTO = w/CTO are longitudinal and shear wavenumbers respectively,

CLO = J (Ao +2Ilo)/Po and CTO = j;J"P; are wave velocities, and }·o, Ilo, Po denote the
Lames constants and mass density of the elastic matrix.

Without loss of generality, let us consider the incident wave with the form

(4)

for the incident P wave, or
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(5)

for the incident SV wave, where A in above two equations is amplitude.
The following analysis will focus on the incident P wave. The results for the incident

SV wave can be obtained analogously.
Because of linearity, the principle of superposition can be used to decompose the total

potentials in the elastic matrix as

{

cpo(r,o) = cp~l(r,O)+CPbO)(r,B)+CPb')(r,B),

t/Jo(r,B) = t/JbO)(r,B)+t/Jb1)(r, B),
(6)

where CPbO l and t/JbO) are potentials for the scattered fields that would be present if the
inclusion were perfectly bonded (Pao and Mow, 1973), while CPb1

) and t/Jb1l are those for the
additional scattered fields generated by the debonds which, by the use of the wave function
expansion method (Pao and Mow, 1973), can be written as

(
~'''('' 0) ~ .,~~< A.,ll':'(Kw ') c--',

t/Jb1)(r, B) = I BmH~)(KTOr) e- imO ,
m= -x

with Am and Bmunknown. Then from eqns (I) and (2) we have

(7)

1
","(" fl) ~ ~.,~I m [Am Kw ' H~ r (Kw ') - iB.,mH~) (K'",)I ,-,~ (8)

Vb1)(r, B) = ~ f [-iAmmH~)(KLor) -BmKTOrH~)' (KTOr)] e- imO ,
r m= -XJ

and

where

1
(J( I) (r B) = flo ~.. [A T(m) (K r) +B T(.m) (K r)] e -lmOrO, 2 L.. mIl LO m 12 TO

r m= ~CIJ

(I) (D) flo ~ [A T(m)(K ) +B T(ml(K )] -imO'rOO r, U = 2 L.. m 21 LOr m 22 TOr e ,
r m=-Cf)

{

TI";l(Z) = -n3.)(z) =(2m2-Kior2)H~)(z)-2zH~)'(z),

TISl(z) = n";l(z) = 2im[H~l(z)-zH~)'(z)].

(9)

(10)

For a movable inclusion, we should also consider the motion of the inclusion. Under
the action of P or SV waves, the inclusion will translate and rotate as a rigid body with its
harmonic in-plane motion U e- iwt

, Ve- iwt and 8 e- iwt where U and V denote the amplitude
of the rigid body translations in x- and y-directions, respectively, and 8 the amplitude of
the rigid body rotation. Decompose U, Vand 8 as

(II)

where U(°l, V(O), and 8(0) are generated by a perfectly bonded inclusion (Pao and Mow,
1973), while U(I), VOl, and 8(1) are due to debonding, which are governed by the following
kinetic equations
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- nw2r~PI U(I) = fn ro[aW (ro, e) cos e-r~J6 (ro, e) sin e] de

- nw2r~p I VO) = fn ro [O"~b) (ro, e) sin e+ r;J6 (ro, e) cos e] de (12)

Substituting eqn (9) into eqn (12) yields

with P = PO/PI and A±b B±I, Bounknown.
The interface conditions of the problem may be expressed as

for a fixed rigid inclusion, or

{
U~I) (ro, e) - UO) cos e - VO) sin e = Llu(e)

v~l)(ro, e) + UO) sin e- U(I) cos e - r 0 0 0 ) = Llv(e),

(14)

(15)

for a movable rigid inclusion.
In eqns (14) and (15) Llu and Llv are the discontinuities of displacements across the

interface, which can be expressed as:

(16)

with Lluk and Llvk denoting the COOs of the kth crack.
The total tractions vanish on the crack faces, which implies

(17)

where we have denoted O"(e) = O"~~(ro, e) + O"~g)(ro, e) and r(e) = r;~o (ro, e) +r;n (ro, e).
Up to now, the problem has been reduced to determination of unknown coefficiences

Am and Bmby the mixed boundary conditions (14)-(17).

3. DERIVATION OF THE SINGULAR INTEGRAL EQUATIONS

Expanding Llu(e) and Llv(e) in series of e- imB

OC 00

Llu(e) = L: Llum e- imB
, Llv(e) = L: Llvm e- imB

,

m=-oo m=-CfJ

where

(18)
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we have, from eqns (8) and (14)

{
Am = roD;;; I [- KTOroH;;/ (KTOro)tlilm +imH~)(KToro)tlvm]

Bm = roD;;; 1 [imH~)(KLoro)Llilm +KLOroH~)' (KLOro)tlvm]

with

2821

(19)

(20)

for a fixed rigid inclusion.
From eqns (8), (13) and (15) we can see that for a movable rigid inclusion A o, Am and

Bmfor m"# ± I are the same as eqn (20), but that Bo, A±I and B±l are different. They are

{ [
2 ]}-l

(

(1)' (I) (I)' -Bo = ro KTOroHo (KTO ro)-4p H o (KTOrO)+ KTOr
O

H o (KTOrO) tlvo

A±I = roDl1 {[=FKToroHSI)(KTOrO)+(l +p)H\I)(KTOro)]tlU±1 ±i(l-p)H\ll(KTOro)tlv±d

B±1 = roD 11 {±i(l-p)HSI)(KLOro)tlil±I ± [KLOroH\I) (KTOro) =F (l +p)H\ll(KLOro)]LlV±I}

(22)

where

D[ = (l +P)KLOroHSll(KLOrO)H\I) (KTOrO)+(l +P)KTOroHS1l (KTOro)HVl (KLOro)

- KLOKTOr~HSIl (KLOro)HSI) (KTOro) - 4pH\1 )(KLOro)H\1) (KTOro). (23)

It can be shown that when p = 0, that is, the inclusion is an infinitely dense inclusion,
the rigid body motion vanishes. This is the same as fixing the inclusion stationary in space.
Thus, the results for a fixed inclusion can be obtained from those for a movable inclusion
by setting p = 0 and we will focus our attention on the case of a movable inclusion in the
following analysis.

Substituting eqn (9) into eqn (17) and considering eqns (20) and (22), we obtain

(

"" m~f m [N~"A.m +N~2l tlvm]e-
1mO

= - u(e)

~ eE(ab bk )

flo L [N~lltlilm+N~2lLlvm]e-imO = -r(e)
m= -IX;

(24)

where N;::) is given in the Appendix.
The continuity of displacements across the interface on the bonding regions implies

ex;

L Llum e- imO = 0;
ex;

L tlvme-imO = 0, e¢:(abbd.
m= -00

(25)

Equations (24) and (25) are dual series equations of the problem. We will solve them by
transforming them to singular integral equations. To this end, we introduce the dislocation
density functions of the kth crack
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(26)

Then following the analysis similar to Part I of this two-part paper, we can rewrite (3.2) as

i r n fbi
!iiim = - ~ I qJ/«) eim

( d(
2n ml~1 a,

(27)

which when substituted into eqn (24) yields

with

) . )( a/+b/)M(si - III r N(st y .
o - rO 0 0 ~ - -2- , M(st) _ ro N(st)

m - flo m m' m =1= O,s,t = 1,2. (29)

Considering the properties of Hankel functions Hm(z) as m ---> 00 [cf. Abramowitz and
Stegun (1965)], we have

(30)

with

(31)

where Ko = 1+ 2flo(Ao + flo) -1 = 3- 4 Vo and Vo represents the Poisson ratio of the matrix.
Introducing the auxiliary functions

S = t, m =1= 0

(32)
S =1= t,m =1= 0

assuming
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and applying the relations

~ . (Y 8)L sgn(m) e1m(C-O) = i cot '=-=----
Iml~1 2

~ 1L _eim(C-O) = insgn((-8)-i((-8)
Iml~lm

~ 1 . e 1 . (( - 8)1L _e1m(,-O) = -2ln 2sm --
Iml~llml 2

~ rye

L eim«(-O) = 2n L (j((-8-2nm)
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s = t

s i:- t

(33)

(34)

m= -oc m=oo

we can transform eqn (28) into a set of singular integral equations of the second type with
Hilbert kernels

where flJk(O and ljIk(O should also satisfy the additional single-valued conditions

(36)

Equations (35) and (36) can be solved by using the method presented by Erdogan and
Gupta (1971) with a slight modification. In next section, we will solve them numerically
for the case of n = 1, i.e. for the case of an inclusion with a single debond.

4. SOLUTION OF THE SINGULAR INTEGRAL EQUATIONS

When n = 1, by using the following substitutions

1
8 = c(, +d, ( = CI1 +d

l1>(I1) = fIJI (CI1+ d), '1'(11) = ljI, (CI1+ d)
_ 1

P,,(I1, (,) = - ifJ Ps,(CI1 +d, c(, +d)

with c = (b l -0,)/2 and d = (h +0,)/2, eqns (34) and (35) become

(37)
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-iV]{l1>(¢)}+ ~Il II O]{l1>(~)}cot c(~-¢) d
o 'P(¢) 2m -I 0 1 'P(~) 2 ~

Pll]{l1>(~)} 1 {CJ(C¢+d)}
P

22
'P(~) d~ = if3 T(c¢+d) ,

II {l1>(~)}
d~ = 0

-I 'P(~) ,

I¢I < 1 (38)

(39)

where V = et./ f3 is Dundurs parameter or oscillation parameter (Dundurs, 1969) which defines
the oscillatory square-root singularity. When Va = 1/2, which means the elastic matrix is
incompressible (i.e. P wave propagates at infinitely great speed), the Dundurs parameter
vanishes and thus the oscillatory form of the stress singularity should also vanish. In this
case, eqn (38) becomes a set of singular integral equations of the first kind.

To solve eqn (38), we must first uncouple its dominant parts. To this end, we introduce
two new functionsf(Y/) and g(y/) which are related to l1>(y/) and 'P(y/) by

with

{
l1>(Y/)} = [R] {f(Y/)}
'P(y/) g(y/)

(40)

(41)

Substitute eqn (40) into eqn (38) and then premultiply eqn (38) by [Rr l
• The dominant

parts of eqn (38) will be uncoupled. Forthermore, if we consider that a Hilbert kernel and
a Cauchy kernel have the same singularity, a set of standard Cauchy singular integral
equations with uncoupled dominant parts is obtained

l-V O]{f(¢)} 1 II II O]{f(Y/)} dY/ Ii lQII
o V g(¢) + ni -I 0 1 g(~) Y/-¢ +C -I Q21

in which

Q 12] {f(Y/)} d~ = {O'(¢)},
Q22 g(y/) f(¢)

I¢I < 1 (42)

Pll] I l c(~-¢) 2]
P

22
[R] + 2ni cot 2 - c(Y/ _ ¢) [I] (43)

{
O'(¢)} 1 {CJ(C¢+d)}=:-[R]-l
f(¢) lf3 T(c¢+d) ,

with [I] denoting the unit matrix.f(y/) and g(y/) should also satisfy

II {f(~)}dY/ = O.
-I g(y/)

(44)

(45)

According to the general theory of singular integral equations (Muskhelishvili, 1953),
we know that the fundamental solution of eqn (42) is
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with

Hence, the approximate solution of eqn (42) may now be expressed as

2825

(46)

(47)

{1m} = f [Wf(~)
g(~) j~O 0

(48)

where PY,PI)(~) and pYlal)(~) are Jacobi polynomials, AI and ~ are to be determined.
Substituting eqn (48) into eqn (43) and using orthogonality relation of Jacobi poly

nomials (Erdogan and Gupta, 1971)

(49)
i=j

with r( ) representing Gamma function, we obtain

(50)

Subsequently, substituting eqn (48) into eqn (42), multiplying the first equation of eqn (42)
by Wil(~)Pi-a'-Pl)(O, the second equation by W~l(~)pi-Pl-al)(~), and then integrating
both equations over ~ from -1 to 1, we have an infinite system of linear algebraic equations

1
~},2 00

v1-Yec-a,-p')A +.".. [C(l]lA.. +C<.12)Bj=F
2· k k + I L.. kj ; kl; k

1 i~ I

J1=7 ec-p,-a,lB + ~ [C(21)A+C(22lBj = G
2· k k+ 1 L.. k; I k; j k

1 j~l

where we have used eqns (49), (40), the following relation

k = 0,1,2 ... (51)

I~I < 1 (52)

and the similar relation for p?,a,)(~).

The unknown coefficients Aj and Bj can be obtained by solving truncated version of
eqn (51) in which C;:]l(s, t = 1,2), Fk and Gk are given in the Appendix.

5. DYNAMIC STRESS INTENSITY FACTORS AND RIGID BODY MOTION OF THE
INCLUSION

We define the dynamic stress intensity factors (DSIFs) K 1 and Ku by analogy with the
definition of the static stress intensity factors (SSIFs) given by Erdogan and Gupta (1971).
However, one may note that the DSIFs are complex and thus they can not be calculated
by the method of Erdogan and Gupta (1971). Here we present another method to compute
the DSIFs.
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Denote a)ro, 8) and Tre(ro,8) as the stresses on the bonded region and define the
equivalent stress components (J~e)(ro, ¢) and T~~/(ro, ¢) as

(53)

The dominant parts of the equivalent stresses may be written as

(54)

It can be shown that the equivalent stresses have the following behavior at the crack tips

(55)

(56)

where KiV" Kj~" Ki1b, and K\~1, denote the equivalent DSIFs.
Substituting eqn (48) into eqn (54), we can derive

(57)

(58)

where we have used the relations

(59)

with

(60)

and GoW and G;:,:m being the dominant parts of Wi¢)p)",fJ,)W and Wg(¢)PJf!'"')(¢) as
¢ ~ 00.

The real DSIFs can be calculated by

where x = a j or hj.

{
K } {Kcel}Ix = if3[R] ;e~'
KlIx K ux

(61)
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The amplitudes of the rigid body translations (RBTs) of the inclusion in x- and y
direction denoted by U and Vand the amplitude of the rigid body rotation (RBR) denoted
bye may be obtained from eqn (II) where U(O), V(O), and e(O) may be found in Pao and
Mow (1973) and U(l), V(I) and eO) can be calculated from eqns (13), (22), (27), (27), (37),
(40) and (38). The detailed analysis will not be presented here.

6. SCATTERED FAR FIELD PATTERN AND SCATTERING CROSS-SECTION

By using the properties of Hankel functions in the far field (Abramowitz and Stegun,
1965), the scattered far field displacements can be expressed as the following asymptotic
expressions

(62)

where Free, eo) = F~O)(e, eo)+F~I)(e, eo) and Fe(e, eo) = F~O)(e, eo) +Fbl)(e, eo). F;O)(e, eo)
and F~O)(e, eo) are the scattered far field patterns for a perfectly bonded inclusion [cf. Pao
and Mow (1973)]. F~I)(e, eo) and Fb')(e, eo) are those due to debonding which, by con
sidering eqn (8), can be written as

(63)

Am and Bmin eqn (63) can be computed from eqns (21), (22), (27), (37), (40) and (48). We
will not give here the detailed analysis.

The total scattered energy flux is defined as (Pao and Mow, 1973):

with the asterisk representing conjugation. S is chosen to be a unit-length cylindrical surface
with radius of infinitely large. Considering the asymptotic expressions of the scattered far
field displacements given by eqn (62), we have

The total scattering cross-section (SCS) is defined as (Pao and Mow, 1973) :

<r>(J(w) =--
<eo>

(65)

(66)

where <eo> is the time average of the incident flux which can be expressed as (Pao and
Mow, 1973):
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(67)

(68)

for the incident SV wave.
The SCS can also be calculated by following the elasto-dynamic optical theorem [cf.

Yang and Norris (1992)], which may be used as a check on the numerical computations.

7. THE LONG WAVELENGTH LIMIT

It has been demonstrated by Yang and Norris (1991, 1992) that the dynamic results
reduce to the relevant quasistatic ones in this long wavelength limit. In Part I we have derived
the explicit static solution from the singular integral equations for SH-wave incidence as
the frequency reduces to zero. Here we will consider this limit for P- and SV-wave incidence.
We assume KTOro « I and KLOro = O(KTOro). Then the kernel Pst ((, B) in eqn (36) may be
written as

~ 2
= - [n sgn(( -B) - (( -B)] + - [2,uo - (~-P)] sin (( -B)+o(l)

2n n

Pd(, B) = -P2 , ((, B)

~ PI' (( - B)I 2= 2n -~ln 2sm -2- -~[2,uo-(~-P)]cos((-B)+o(l).

Similarly, (J(B) and T(B) become

{

(J(B) = To {I + (1- K~ 1) cos 2(B- Bo)] +o(l)}

T(B) = To{(1-Ko1)sm2(B-Bo)+o(l)}

(69)

(70)

where To = - ,uoK?oA.
If we consider the case of n = 1 (i.e. the case of an inclusion with one debond), and

assume hI = -al = C, we can precisely follow the analysis of Section 4 by replacing Pst ((,

B), (J(B) and T(B) with eqns (69) and (70). Note please, that (fJ1(O and !/J,(O or <1>(1]) and
\fI(I]) are all real. Therefore eqn (40) may be rewritten as

/(1]) = H\fI(I]) -i<l>(I])] = g*(I]) (71)

where asterisk represents the complex conjugation. Since Ps,((, B) given by eqn (69) and
(J(B) and T(B) by eqn (70) are all real, we have

(72)

Then the singular integral equation group given by eqn (42) may be replaced by a single
equation as follows
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1 fl [(I']) fl
-yf(~)+ ni _11']_~dl']+c _I [f(I'])QII +f*(I'])Q12ldl'] = 6(~).
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(73)

It is quite difficult to obtain the analytical solution of eqn (73) just like we did in Part
I for SH case. Here we will solve it numerically by the method of Erdogan and Gupta
(1971 ).

The definition of stress intensity factors described in Section 4 may also be expressed,
for crack tip () = + c, as

(74)

Following the analysis of Erdogan and Gupta (1971), we have

(75)

If we consider the physical meaning of the incident fields as KTOro -> 0, that is, the
incident stresses give precisely the biaxial loadings at infinity: '0 in ()o-direction and
'ovo/(l-vo) perpendicular to ()o-direction, we may say that the above Kt and K!i coincide
exactly with the SSIFs presented by Toya (1974) for an arc-shaped interface crack subjected
to above biaxial loadings. For a rigid inclusion, the results of Toya (1974) state

(76)

where

(77)

with J. given by eqn (47) which differs from A in Toya (1974) by a negative sign. P({)) is

P({)) = [iH-~(N00 + TX))][exp(i{)) - (cos ex - 2J. sin ex)]

+(Noo - Too)[(cos ex + 2J. sin ex) exp( -i{))-exp(-2i{))] exp [2i{)0 -2,1(ex-n)] (78)

where

(1 + 4),2)(N00 - Too) sin2 ex cos 2{)0
H = 2{ 1+ (cos ex - 2,1 sin ex) exp [- 2J.(n-ex)]}

and Too = '0, N X) = Too vo/(1- vo). The SSIFs at crack tip () = + care

(79)

(80)

The comparison between the numerical results of eqn (75) and the analytical results of eqn
(80) will be displayed in Section 9 and good agreement may be found.

In above analysis we assume that the incident wave is P wave. For an incident SV
wave, a({)) and ,(()) may be expressed, in long wavelength limit, as

{

a({)) = '0(1 +Ko l)sin2({)-{)0)+o(1)

,(()) = 'o(1+Ko1)cos2({)-{)0)+o(l)
(81 )

with '0 = - J.1oKioA. The DSIFs as KTOro -> 0 can also be obtained numerically from eqn
(75). In this limiting situation, the incident SV wave yields in-plane shear stress - '0 at
infinity, which is inclined at the angle {)o, and also results in the rotation E>oo = -KioA12
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at infinity. Therefore the relevant SSIFs may be obtained from eqn (80) by setting
80 = 80 +45° and NJJ = - Toc = '0'

It is seen clearly from eqn (73) that as KTOro -+ 0, r5 4J 1(0 and r5l/J I(0 are of order
A (KTOrO)2. Therefore

(82)

and

(83)

which mean that for very low frequency, the presence of the debond only produces a change
of order (KTOrO)2 in the far field displacements and a change of order (KTOrO)l in the RBT,
while the rotation of the inclusion in this limit case behaves like

(84)

which should be the same as the static rotation presented by Toya (1974) as

(85)

with H given by eqn (79).

8. THE SMALL DEBOND LIMIT

Yang and Norris (1991) have obtained the explicit solution in this limit for SH-wave
incidence when KTOro = 0(1). In Part I we have discussed this limit by allowing for arbitrary
frequencies, and the results of Yang and Norris (1991) have been obtained as a special case.
For P- and SV-wave incidence, the analysis will be much more difficult and we will focus
our attention on the case of KTOrO= 0(1) for simplicity. It is also assumed KLOro = O(KTOrO)
and only the case of one debond is considered. Set bl = -al = c. Then under the sub
stitutions' = CIJ, 8 = c~, cI>(IJ) = 4Jl(CIJ) and '¥(IJ) = l/Jj(cIJ), eqn (28) becomes

I~I < I (86)

where M~t) = iCJ1oroN~')1J and M~t) = J1orom- 1N~t) with N~') given in the Appendix. Set
p = mc. We have for C « I

(87)

Considering the properties of Hankel functions for large order (Abramowitz and Stegun,
1965), we have
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M~;~) = sgn(p)f3+o(1), s = t

= (-l)'ia+o(1), s-=l-t

with a and f3 given by eqn (31). Substitution of eqn (85) into eqn (87) yields

f

l . 2if3c- I
III = 122 = c- I f3 sgn(p) eIP(ry-O dp = --,

-I 1]-~

/ 12 = -Ill = iC-1:xfl eiP(ry-Odp = 2ic- l :xn<5(1]-n
-I
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(88)

(89a)

(89b)

For very small c, <T(c~) and r(c~) behave like <T(O) + 0(1) and reO) + 0(1). Therefore eqn (86)
becomes

j
-a'P{o- ~fl <1>('1) d'1 = -<T(O)

n -I '1-~
, I~I < 1

:x<l>{O - ~ fl 'fI('1; d'1 = - reO)
n -1 '1-..,

(90)

which can be solved by following the method presented in Section 4. In fact it has an explicit
solution which may be written as [cf. Erdogan and Gupta (1971)]

{
<I>(O = if(O-ig(~)

'fI(~) = f(~) +g(~)

where

with

1
1.

'CO) ~ - 2: ['CO) +.,(O)J

teO) = - 2f3[<T(0)-IT(0)]

and Wr<.~) and Wg{O given by eqn (46).
The DSIFs defined in Section 5 are

K I = - [<T(O) +2Jcr(0)]jb; Ku = [2A<T(0) - r(O)]jb

(91)

(92)

(93)

(94a,b)

at the crack tip e = +c (i.e. tip bl)' In the above equation, b = roc.
Comparing eqns (94a,b) with the results of Erdogan and Gupta (1971), one may find

that eqns (94a,b) are actually the SSIFs of a flat interface crack between a rigid half-space
and an elastic one subjected to tractive loading <T(O) and in-plane shear loading reO) at
infinity. This conclusion is similar to that for the SH case.

Following the analysis of Part I, we find that the presence of a small debond produces
changes of order c2 in the scattered far field displacements and motion of the inclusion.



2832 Yue-Sheng Wang and Duo Wang

9. NUMERICAL RESULTS AND DISCUSSION

The SCS, DSIF, RBT and RBR have been computed for rigid/epoxy combination of
inclusion and matrix with one debond. The shear modulus, Poisson ratio and mass density
of epoxy (Po, vo, Po) are taken to be the same as those given by Yang and Norris (1992) and
the mass density of the rigid inclusion is assumed to be the same as that of glass. We have
demonstrated in Part I that this combination of inclusion and matrix may provide a good
approximation for the glass/epoxy combination.

The DSIFs for P-wave incidence in 0°-direction and RBR for SV-wave incidence in
the same direction have been computed in the long wavelength limit and compared with
the static solutions of Toya (1974). They are displayed in Figs 2 and 3, respectively. The
computations were performed by expanding!('1) in eqn (73) as a series in approprate Jacobi
polynomials [cf. Erdogan and Gupta (1971)]. For a smaller debond, 6 or 8 terms were
included in the series and for a larger one, 8 or 10 terms were used. The comparison shows
good agreement between the results of the present study and those of Toya (1974).

The normalized first and second DSIFs versus KTOro (which varies from 0 to 5) are
shown in Fig. 4 for P-wave incidence with rJ. = 1500

, ee = 00 and 1800
• As we expected, a

resonance peak appears at a low frequency. Its mechanism is similar to that encounted in
the SH case. The resonances at higher frequencies reported by Yang and Norris (1992) for
the "glass"/epoxy (where "glass" has been adjusted so that the Dundur's parameter is zero)
do not appear. This means that the effect of the surface waves is negligible in the rigid
inclusion case (at least when KTOro < 5). The results of the DSIFs for SV-wave incidence
with the same geometric configuration are presented in Fig. 5. The resonance peaks are
sharper and occur at lower frequency than those in Fig. 4. This characteristic of resonances

2
RIGID I EPOXY

tio = 0
0

~...
........

:..:

K r

-2

P-wave

- present paper

--- Toya, 1974

Fig. 2. Comparison of the DSIFs in the long wavelength limit with the SSIFs calculated from Toya
(1974) for P-wave incidence in 0°-direction (80 = 0°).

4
RIGID/EPOXY SV-wave

3
90 =0 0

8
(!)

2"'-

(!)

-- present paper

--- Toya, 1974

0
0 0 30 0 60 0

90 0 120 0 150 0 180 °
(J,

Fig. 3. Comparison of the RBR in the long wavelength limit with the static values from Toya (1974)
for SV-wave incidence in 0°-direction (80 = 0").
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(b) 12

4 5

Fig. 4. The absolute-valued DSIFs normalized with the static value vs KTO'o for the P-wave incidence
in 0°_ and l80c -direction with rx = 150°. (a) The first DSIF. (b) The second DSIF.

may be shown clearly by the motion of the inclusion and will be discussed later. In Figs 4
7, it is shown that the DSIFs for 80 = 0" are higher than those for 80 = 180°. This has been
explained in Part l.

The numerical results of the DSIFs for a small deband (:x = 2°) are plotted in Fig. 6
against KTOro for P-wave incidence. The approximate solution in the small deband limit
given by (94a) for the first DSIF is shown by dotted curves for comparison. It is seen that
eqn (94) may provide a good approximation when KTOrO< 5.

The SCS versus KTOrOfor P-wave incidence is illustrated in Fig. 7 for 80 = 0" and in
Fig. 8 for 80 = 90°. The low-frequency resonance and its dependence upon the debond size
are very similar to what we have shown in SH case. However, unlike in SH case, the incident
angle 80 has a significant effect on the resonant frequence of the SCS. For an inclusion with
a debond symmetric about the x-axis, the incident P-wave in y-direction (80 = 90°) yields
a stronger resonance at a lower frequency than that in x-direction (80 = 0°), especially when
the debond is larger. Figure 9 illustrates the curves of the SCS versus KTOro for SV-wave
incidence in x-direction (80 = 00

), which look very much like those in Fig. 8, except that
the resonance peaks in Fig. 9 are sharper and higher. All these characteristics of the
resonance are closely related to the motion of the inclusion which will be discussed next in
detail.

The in-plane motion of the rigid inclusion may be described by the rigid body trans
lations (RBTs) along x- and y-axis and rigid body rotation (RBR) around z-axis which are
denoted by U, V, and 0, respectively. The RBTs (U, V) and RBR (0) have been computed
for three situations: (i) P-wave incidence in x-direction (80 = 0°) ; (ii) P-wave incidence in
y-direction (80 = 90°) ; and (iii) SV-wave incidence in x-direction (80 = 0°). The debond is
located symmetrically about x-axis. The normalized results are displayed in Figs 10-12 in
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Fig. 5. The absolute-valued DSIFs normalized with the static value versus KTOro for the SV wave
incidence in 0°_ and 180°-direction with cx = 150°. (a) The first DSIF. (b) The second DSIF.
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Fig. 6. The absolute-valued DSIFs normalized with roft for a small debond (cx = 2°) with eo = 0°
and 180°, P-wave incidence. The dotted curve is from the asymptotic approximation of eqn (94a)

for small debond limit.

absolute values. In the first case, only the motion in x-direction exists because of the
symmetry about x-axis, while in the last case, it vanishes because of the antisymmetry. In
the second case, all three kinds of motion take place in a full dynamic state even though
the motion in x-direction and rotation vanish in the quasi-static limit. The motion of the
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Fig. 8. The SCS vs KTOro for P-wave incidence in y-direction (110 = 9OC) with <X = 150°, 130°, and 90°.
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Fig. 9. The SCS vs KTOrO for SV-wave incidence in x-direction (110 = OC) with <X = 150°, 130°,
and 90°.

inclusion experiences a low-frequency resonance which becomes stronger as IX is increased,
just like the DSIF and SCS. A noteworthy phenomenon is that the resonances for the
translation in y-direction and rotation are more pronounced and occur at a lower frequency
than those for the translation in x-direction. This is why the DSIF and SCS for P-wave
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Fig. 10. The motion of the inclusion for P-wave incidence in x-direction (80 = 0") with IX = 175°,
150°,130',90°, and 50°: RBT in x-direction.

incidence in y-direction and SV-wave in x-direction exhibit a stronger low-frequency res
onance than those for P-wave in x-direction. An explanation of the mechanism of this
behavior of the low-frequency resonance is imperatively desired.

Finally, the effects of the mass density ratio PI/PO and Poisson ratio Vo on the SCS is
displayed in Figs 13 and 14, respectively. As PI/PO is increased and/or Vo is decreased, the
low-frequency resonance becomes stronger.

10. CONCLUDING REMARKS

The singular integral equation technique is used in this series of papers to solve the
problems ofelastic wave scattering from a partially debonded inclusion. The method allows
for multiple debonds and is proved to be very efficient, especially in dealing with the in
plane strain problem involving the oscillatory behavior of stresses near the crack tips.
Numerical results are presented for various cases and the asymptotic explicit expressions
in the quasi-static limit and the small debond limit are obtained. They are in good agreement
with those of others [e.g. Yang and Norris (1991, 1992), Coussy (1983), Toya (1974), etc.].
Although the analysis is limited to the case of a rigid inclusion, it can be easily extended to
the elastic case by considering the wave fields in the inclusion. Furthermore, the present
method may also be applied to the case of an elliptic inclusion. Indeed we have used a
similar approach to solve the dynamic problem of an elliptic arc crack which may be viewed
as a special case of an interface crack (Wang and Wang, 1994).

As in the paper by Yang and Norris (1992), the debonds in the present paper are also
modeled as interface cracks of which the faces are assumed not to contact each other. This
assumption results in the oscillatory form of the stress singularity which is impossible in
practical cases. Comninou (1977) presented a new model for a flat interface crack to
suppress this unrealistic singularity by allowing closure of the crack tips. If closure takes
place at the crack tips, the stress singularity has an entirely different character. Zhou et al.
(1987) has applied Comninou's model to the dynamic case of a flat interface crack and
demonstrated the dependence of the closure region on the frequency. Their model and
method can certainly be used to arc-shaped interface cracks considered in this paper.
However, the analysis is so complicated that it must be reported in a paper longer that the
present one. Therefore, we have to leave it for future study.

Even if we considered the closure of the crack tips, we are still far away from the
practical case. In fact, closure may take place, not only at the crack tips, but also anywhere
on the crack faces and friction may also exist in the closure region. Closure or contact of
the crack faces has significant influence on the low-frequency resonance. Generally, it will
make the resonance not so strong as we have demonstrated in present paper. Indeed, the
analysis involving such closure or contact is of more practical importance. However, the
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Fig. II. The motion of the inclusion for P-wave incidence in y-direction (80 = 90") with ~ = 150c
,

130°, and 90°. (a) RBT in x-direction. (b) RBT in y-direction. (c) RBR around z-axis.

extent of the closure region and even where the closure takes place will remain in open
conditions of the problem. This will make the problem almost intractable. Therefore, the
closure is ignored in the present analysis for simplicity, which means that the results are
valid only in the situations where the crack is prestressed to remain opening. Such an
assumption has been made in most published works concerning the dynamic problem of
cracks, including the references cited in this paper. In fact, any analytical method is
ineffective if the dynamic contact of the crack faces is taken into account. A computational
scheme, such as finite element method (FEM) or boundary element method (REM), may
be a powerful tool in dealing with such a problem. For instance, Hirose (1994) has solved
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Fig. 13. The SCS vs Kroro for different values of PI/PO with Vo = 0.333,:x = ISO' and On = 0" P-wave
incidence.

the scattering problem of a crack with contact-boundary conditions by BEM, while Liu et
al. (1994) have considered the similar problem by FEM. One may expect that the dynamic
problem of arc-shaped interface cracks with contact faces will be solved by FEM or BEM,
instead of an analytical method, in the near future.

Although the present results are somewhat limited, they are expected to have appli
cations to fields such as earthquake engineering, nondestructive evaluation of materials,
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Fig. 14. The SCS vs KTOr O for different values of vo with pJpo = 5. (J. = 150' and 80 = 0", P-wave
incidence.

the forecast of dynamic failure of composite materials and structures, etc, Norris and Yang
(1991) and Coussy (1986) have demonstrated some applications of their solutions. We will
discuss in details the possible applications of the present results afterwards.
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APPENDIX

(AI)
m= ±I
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i
ro I [D';; I KLOK?or~H~1 (KLOro)H~: I (KTOro) - 2], mol 0, ± I

'( 22 ) _ _ I K?or~[KYoroHb"(KYoro) + 2Hb')' (Kyoro)] _
lv m - - ro , m - 0

K?or~Hb[)' (KTOrO) -4p[Kyo roHb l )(Kyoro) + 2Hb')' (Kyoro)]

ro [{D ,I [KLOK?or6H~:)' (Kyoro) - pK?or~H~:)(KLOro)H~: \Kyoro)] -2}, m = ± I

(A2)

(A3)

For D m (m # ± I) and D[ in eqns (AI), (A2), and (A3), see eqns (21) and (23):

Gk = f' f(:;) W;I (:;)Pi-fi,-a,J(O d(.
-I

(A4)

(AS)

(A6)

(A7)

(A8)

(A9)


